It is argued that supermassive black holes in the nuclei of galaxies most likely have grown coevally with their host dark matter halos. A calculation based on PressSchechter within this framework shows that the mean rate of accretion of matter onto such black holes varies from a value about 0.003 of the Eddington rate at the present epoch to a value around 0.08 at redshift 3. The bulk of AGN evolution may be explained as a reflection of the diminishing rate of accretion of material onto galaxies. The result is almost independent of mass of host dark matter halo and is only weakly dependent on the values of cosmological parameters. At high redshifts z 5 black holes in galaxies would have been accreting close to the Eddington limit, which is likely to lead to galactic outflows being ubiquitous at those epochs.
INTRODUCTION
One of the great mysteries in the study of active galaxies and QSOs is the physical origin of the strong cosmological evolution in their space density at a given luminosity. For many years it has appeared that, at least in broad terms, the evolution was best described as "pure luminosity evolution" in which QSOs appeared on average to have dimmed with time rather than changing in space density (Marshall et al. 1983; Boyle et al. 1988; Croom et al. 2004) . This is in accord with recent evidence that almost all galaxies with a massive spheroid component contain a supermassive black hole at the present epoch (Magorrian et al. 1998; Gebhardt et al. 2000; Tremaine et al. 2002; Onken et al. 2004 ), the great majority of which must be largely inactive today. If these black holes were luminous in a phase of accretion and growth at higher redshift then their luminosities must indeed have declined with time.
Yet this picture is not easily in accord with modern ideas of galaxy formation, since if the matter content of the universe is dominated by cold dark matter we expect galaxies to grow hierarchically, and we expect the mass function of black holes at the centres of galaxies to increase with time -what then is the mechanism that allows the mass function to increase but the luminosity to decrease with cosmic epoch? One obvious possibility is that black holes may increase in mass but with a decreasing mean accretion rate. This picture has been incorporated into models such as those of Haehnelt & Rees (1993) and Kauffmann & Haehnelt (2000) in which simple parameterisations of such cosmological evolution in accretion rate was allowed, and it was shown that with a suitable choice of parameters the evolution in the QSO optical luminosity function could be matched. The physical origin of this variation in accretion rate has not yet been determined, however, and explanations range from a systematic depletion in available gaseous material with cosmic epoch to long-term variations in the accretion process itself: these latter explanations would of course only work if black holes were formed at high redshift and the luminosity evolution that has been observed were a reflection of the variation in accretion history of individual black holes.
More recently however it has become clear that optically luminous QSOs are a short-lived phenomenon, at least compared with the Hubble time. Measurement of the clustering of QSOs in the 2dF QSO Redshift Survey (2QZ: Croom et al. 2005) has shown that their clustering amplitude does not increase with time as would be expected if QSOs were long-lived, given that cosmic structure is expected still to be growing at z ∼ 2 in a Universe with a cosmological matter density parameter ΩM ∼ 0.3. This implies that we must look for a universal variation in accretion rate rather than anything intrinsic to an individual accretion "event".
The simple picture of QSO luminosity evolution itself has now been shown to be more complicated when active galaxies are selected at X-ray wavelengths. First, it now seems likely that the hard X-ray background is produced by c 2005 RAS X-rays emitted from active galaxies, but in that case a large fraction of those active galaxies must be highly absorbed, with equivalent X-ray absorption column densities in neutral hydrogen > 10 23 cm −2 (Risaliti et al. 1999; Comastri et al. 2001; Ueda et al. 2003) . These active galaxies would be likely to be optically obscured also. A second significant discovery from X-ray surveys however has been that low luminosity X-ray selected active galaxies, that would be classified as Seyfert galaxies were they optically selected, display cosmological evolution in their space density that appears to have a maximum at lower redshift than their high luminosity QSO counterparts (Steffen et al. 2003; Cowie et al. 2003; Ueda et al. 2003; Zheng et al. 2004; Barger et al. 2005) . It may be to some extent that the identification of these weak active galaxies may be less complete at higher redshifts, but early indications are that there is a significant shift of the space density maximum to lower redshifts with decreasing luminosity.
Hence it appears that there is much still to understand both observationally and theoretically about the evolution of active galaxies. Nonetheless, the basic inference that there must have been evolution in accretion rate seems inescapable. In this paper we propose that the growth of black holes is directly linked to the growth of galaxies, and that cosmological evolution in accretion rate can be understood primarily as arising from the cosmological evolution in the rate of accretion of matter onto galaxies. We present a new calculation of the accretion rate, and show that, when expressed as the ratio of the actual mass accretion rate to the rate required to attain the Eddington limiting luminosity, it shows significant cosmological evolution almost independent of halo mass and without depending strongly on choice of cosmological parameters.
COEVAL GROWTH OF SUPERMASSIVE BLACK HOLES AND THEIR HOST GALAXIES
An implicit assumption that will be made, and whose consequences will be followed in this paper is that the population of supermassive black holes, that in the nearby universe inhabit the nuclei of massive galaxies, grew coevally with their host galaxies. This conclusion seems hard to avoid, at least for galaxies with measurable bulge components. In all massive galaxies where both a bulge mass and a black hole mass have been measured dynamically, there is an extremely tight correlation between the two (Gebhardt et al. 2000; Tremaine et al. 2002; Onken et al. 2004) . At lower masses, with velocity dispersion σ < 100 km s −1 , the correlation is less well-established, but does appear to extend at least down to σ ∼ 30 km s −1 (Barth et al. 2005) . When the bulge mass is determined from velocity dispersion measurements, the cosmic scatter in the relation appears smaller than the measurement errors, and probably is less than a factor three (Tremaine et al. 2002; Onken et al. 2004 ). But it is thought that galaxies have grown hierarchically over a wide range of cosmic epoch, and with galaxies at any observed redshift having accumulated their masses at many different times. In order for the tight present-day blackhole/bulge relation to exist, the process of formation of black hole and galaxy must have been interrelated, the simplest explanation being that they grew in mass at the same time.
The growth of galaxies by hierarchical mergers implies that black holes too have grown by mergers, when two galaxies merge for example. Such a process cannot change the integrated irreducible mass in black holes so we expect the mass function of black holes to be determined by hierarchical merging, as is the mass function of galaxies, but the integrated mass in black holes to depend on the total amount of matter accreted. Hence the importance of mergers does not violate the argument originally due to Soltan (1982) that black holes in the local universe are produced by accretion at earlier cosmic epochs.
In practice we might expect the phases of significant mass accretion in the life of a black hole to be correlated with periods of galaxy merging: it has long been suggested that mergers may drive matter into galaxy centres and trigger phases of black hole accretion (e.g. Barnes & Hernquist 1992) . This picture creates an attractive link between galaxy mergers and prompt AGN activation but is not required in what follows.
THE HISTORY OF COSMOLOGICAL ACCRETION

The mean accretion rate onto dark matter halos
If the matter content of the universe is dominated by cold dark matter, then dark matter halos associated with galaxies form hierarchically. Bond et al. (1991) have shown that a more rigorous treatment of the work of Press & Schechter (1974) ("extended Press-Schechter", hereafter EPS) can be used to obtain information about the build-up of structure, and the resulting evolving mass functions agree with the results of N-body simulations, especially if some additional modification of EPS theory is allowed (Sheth et al. 2001; Sheth & Tormen 2002) . In this picture of hierarchical galaxy formation, at any moment in time, any given overdensity is increasing in mass through the process of accretion of matter. There has been much discussion in the literature about whether one can use EPS theory to further analyse this accretion in terms of merger events (Lacey & Cole 1993 , 1994 Cole et al. 2000; Benson et al. 2005 ) but we are not interested here in attempting such a detailed view of the build-up of galaxies. In previous papers (Percival & Miller 1999; Percival et al. 2000 ) the formation rate of halos within EPS theory has been calculated, and hence if the space density of halos is also known this may be converted into a mean accretion rate onto halos as a function of their mass and redshift, measuring the overall accretion of matter, not broken down into individual events.
In those papers it was shown that a joint distribution function in mass M and cosmic time t of new overdensities, F (M, t), could be defined that is related to the mass function, F (M |t), by the relation
where δc(z) is the linear-theory overdensity at redshift z = 0 that would be required for an overdensity to have collapsed at some redshift z > 0. For an Einstein-deSitter universe
In Appendix A we discuss alternative methods of calculating |dδc/dt| for other choices of cosmological parameters, and describe an analytic approximation based on the linear growth factor of cosmological perturbations. However, the normalisation of the joint distribution F (M, t) is problematic, as discussed by Percival et al. (2000) . In Section 3.1.1 we follow a different approach and calculate the mean accretion rate analytically from the EPS conditional mass function. This is complemented in Section 3.1.2 by a numerical derivation of the rate from MonteCarlo realisations of the EPS process.
3.1.1 Analytic derivation of the mean halo accretion rate Lacey & Cole (1993 , 1994 give the conditional probability that a halo of mass M0 at cosmic time t0 was previously a halo of lower mass M at earlier time t:
where ∆δc = δc(t) − δc(t0), δc(t) > δc(t0), and where ∆σ 2 = σ 2 − σ 
Making the substitution y 2 = 1/∆σ 2 this can be rearranged to give
→ 0. Hence we can make ∆δc sufficiently small that the exponential term can be ignored in this integral, and in the limit ∆t = (t0 − t) → 0, ∆δc → 0 and
where ∆σ 2 → ∞ as M → 0 for CDM power spectra and ∆σ 2 → 0 as M → M0. The kernel of this integral was derived by Cole et al. (2000) but those authors were interested in considering the distribution of merger events rather than integrating to find the overall mean accretion rate, which forms the basis of this paper.
Hence we can write the mean rate of mass accretion as
where
Integrating by parts we find
The first term is zero provided
It should be noted that this particular definition of mass accretion rate is not the only one possible. One could also calculate the accretion rate by considering the future accretion of halos and taking the limit of small time intervals: this produces a different analytic form, involving an integration over masses larger then the mass being considered, and highlights that the mass accretion process for a mass M at time t is discontinuous within EPS theory. In section 3.1.2 we also consider the relationship of this "instantaneous" mass accretion rate to the process of the build-up of halos on longer timescales: the mean accretion rate is a function of the time interval being considered, as may be seen from inspection of Eq. 5.
The function f (M ) may be evaluated numerically for an assumed matter power spectrum. For cold dark matter power spectra it depends only weakly on mass and varies little with shape of the power spectrum. It varies inversely with the normalisation parameter σ8. Fig. 1 shows the variation of f (M ) with halo mass for a ΛCDM power spectrum approximated as in Efstathiou et al. (1992) for a range of values of the shape parameter Γ = ΩM h and with fixed σ8 = 0.84, h = 0.7. The relationship between variance σ 2 and mass was calculated assuming a spherical top-hat smoothing function, although we should note that strictly Eq. 3 is derived assuming smoothing with a top-hat function in k-space. At a halo mass of 10 12.5 h −1 M⊙, appropriate for the halo masses of luminous QSOs (Croom et al. 2005) , f (M ) varies only by a factor 2 over the range 0.1 < ΩM < 0.4 for h = 0.7. The variation with mass is also weak for masses in the range appropriate for massive galaxies: at ΩM = 0.3, h = 0.7, f (M ) varies by a factor 2 over the range 10 < log 10 (M/ M⊙) < 13.
For convenience we provide a fitting formula for f (M ). Over the range of Γ and mass shown in Fig. 1 , we adopt the relation
with B = 1.072, β = 4.57 and A (Γ) = −0.8665 − 1.002(log 10 Γ) − 0.2093(log 10 Γ) 2 . This function fits to an r.m.s. accuracy of 1.6 percent over the range 0.07 Γ 0.7, or 0.1 Ω0 1 for h = 0.7, and is shown by dashed lines in Fig. 1 . This formula may be used together with the analytic approximation to |dδc/dt| described in Appendix A to calculate the mean cosmological accretion rate for a wide range of cosmological parameters. 
Numerical calculation of the mean halo accretion rate
To validate the derivation presented in Section 3.1.1, we now compare the analytic instantaneous rate with the rate calculated from Monte-Carlo realisations of the EPS process. In EPS theory, the overdensity recovered if a realisation of the density field is smoothed on different scales around a fixed point can be matched to a one-dimensional Brownian random walk. The collapsed mass at a given time is given by the trajectory's first upcrossing of a barrier at the critical overdensity corresponding to the chosen time. Because we can only calculate finite representations of these trajectories, there are a number of numerical issues that complicate their use. In particular
• the discrete nature of the numerical trajectories means that we can miss upcrossings of a barrier between steps in the realisations. If the step size is chosen to be too large, then this effect becomes particularly apparent for the first step in each trajectory, where most upcrossings are expected.
• the number of steps must be finite, so we will always miss upcrossings at high σ 2 (small mass).
By appropriate choice of the step size, we can minimize these problems. We have created a sample of 10 6 trajectories each consisting of 2 13 steps of varying size in σ 2 . A varying step size was chosen to more closely match the expected upcrossing distribution and allow a larger range in σ 2 to be probed. The barrier height was set at 4 times the initial step size to minimise problems owing to missed upcrossing in the first few steps of the trajectories. Because the trajectories can be arbitrarily scaled in δ 2 c /σ 2 , we can use this single set of trajectories (and associated upcrossings) to determine the mass accretion rate for any halo mass and epoch. For the masses and times chosen, we have determined that the problems owing to the finite extent of the trajectories are negligible. By comparing with the expected conditional mass function (Eq. 3), we have also optimised the step size to reduce problems owing to the discreteness of the realisations. Fig. 2 shows the result from the Monte-Carlo measurements, calculated from the average mass accreted within ∆δc = 0.032, corresponding to 0.0035 Gyr at z = 7 and 0.5 Gyr at z = 0. Decreasing ∆δc further does not significantly change the recovered rate. The agreement with the analytic instantaneous rate is extremely close. Any differences may be revealed by comparing f (M ) with the equivalent quantity from the Monte-Carlo realisations by factoring out the analytic linear dependence on mass and dδc/dt (Fig 3) . The maximum difference between the analytic and numerical results is < 5% and is likely to be caused by remaining problems owing to the discrete nature of the numerical trajectories. Note that the curves in Fig. 2 show the immediate mass accretion rate onto a halo which has a specified mass at a specified redshift, not how the mean accretion rate varies with time for an individual halo.
Overall, EPS calculations should only be considered an approximation of the true non-linear process of halo formation. However, the fact that EPS theory produces mass functions that are in good agreement with N-body numerical simulations provides confidence that the mass accretion rates calculated here must be broadly correct. The comparison between analytic and Monte-Carlo calculations is excellent and confirms the validity of the derivation presented in Section 3.1.1. While some uncertainties might still exist, the most important result from this section is the simple dependence of mass accretion rate on mass and redshift, and either its weak or at least linear dependence on cosmological parameters.
The evolution in Eddington ratio
We now move on to consider what effect the evolution in mass accretion might have on the ultimate accretion onto a supermassive black hole lying at the heart of a massive galaxy. If the overdensity in question is such a galaxy, and we suppose that some fraction α of the mass accreting onto the halo ends up accreting onto the black hole, then we may compare the black hole mass accretion rateṀacc = αṀ with the Eddington limiting mass accretion rate,Ṁ Edd . Defining the "Eddington ratio" as λ ≡Ṁacc/Ṁ Edd , then for a halo of mass MH containing a black hole of mass MBH,
where mP is the proton mass and ǫ < 1 is the efficiency of conversion of accreting mass into radiation (note thaṫ Macc is the rate of mass accretion onto the black hole and not the rate of growth of the black hole). But in the case where the black hole has grown coevally with the galaxy then αMH = MBH and we end up with
This ratio depends on redshift and cosmology through the |dδc/dt| term, but is otherwise independent of α, MBH or MH, apart from the weak dependence through f (MH). Even if statistically α varies with redshift for the population of massive galaxies (e.g. Wyithe & Loeb 2003) the assumption that αMH = MBH only requires α to have been constant through most of the growth of the black hole and does not require α to be the same for all black holes nor to be the same for galaxies at differing redshifts. If λ has a high value, it implies that, on average, there is plenty of matter available to fuel luminous accreting black holes at or close to their Eddington rate. Conversely, a low value implies that, on average, there is insufficient new material accreting onto massive galaxies to maintain Eddington-limited black hole growth. It might be argued that comparing these two quantities has little relevance: the fraction of mass in the black hole is only ∼ 10 −5 of the total halo mass (Ferrarese 2002 ), it's probably formed from accreting baryonic matter rather than the dark matter that dominates the overall galaxy mass, and it is likely that complex physics inside the highly non-linear galaxy governs the accretion onto and growth of the black hole. While this recognition of complexity must be relevant for an individual object, when considering the population of massive galaxies as a whole, the observed tight relationship between the mass of the galaxy spheroid component and the black hole mass (Magorrian et al. 1998; Gebhardt et al. 2000; Tremaine et al. 2002; Onken et al. 2004) , and by implication between the dark halo mass and the black hole mass (Ferrarese 2002) , implies that those complex processes do have some defined mean effect. In other words, there exists a mean value of α for any one black hole. Hence, whatever the detailed physics by which matter ends up forming the black hole, it must be possible on average to parameterise that process by the ratio of black hole mass to halo mass. Fig. 4 shows the ratio λ of the mean mass accretion rate to the Eddington rate as a function of redshift for a flat, ΛCDM cosmology, assuming ΩM = 0.27, H0 = 72 km s −1 Mpc −1 , σ8 = 0.84, MH = 10 12.5 h −1 M⊙ and radiative efficiency ǫ = 0.1, as commonly inferred for the radiative efficiencies of luminous QSOs (Dunlop 1997; Marconi et al. 2004) .
The result plotted is remarkable in two respects. As already discussed, λ depends only weakly on the mass of dark matter halo and on the shape of the dark matter power spectrum, with no dependence on the fraction of a halo's total mass (dark matter plus baryons), α, that ends up in the black hole. Even the dependence on cosmology is weak, with a near power-law dependence on 1+z with exponent n ≃ 2.4 at z < 1 for the ΛCDM cosmology compared with n = 2.5 for Einstein-de Sitter. Second, in principle there was no reason why the growth of dark matter halos should have any interesting relationship to the Eddington limit, except that both are governed by gravity. It turns out that at low redshifts the mean ratio λ is representative of the range of observationally determined values λL (determined as the ratio of bolometric luminosity to estimated Eddington luminosity) for galaxy samples with a mean value λL ∼ 0.0035 (Ho 2004) as discussed below. At moderate redshifts the mean ratio increases to a value close to that required to explain AGN luminosity evolution, having a value λ ∼ 0.08 at z ∼ 3. Comparison with the observed evolution (e.g. Barger et al. 2005) indicates that although some ad-ditional evolution may still be required, nonetheless the bulk of AGN evolution may be explained as simply a reflection of the diminishing rate of accretion of material onto galaxies. A detailed comparison of the evolution rate with observational data will be provided by Babíc et al. (in preparation) .
DISCUSSION
Dispersion in Eddington ratio
The above analysis has only enabled us to calculate the mean evolution in λ. Since accretion events are discrete, we expect there to be a distribution of λ values at any given cosmic epoch. In principle one could either attempt to calculate that distribution from EPS theory (e.g. Cole et al. 2000) , or one could look at the observational constraints on the distribution. Ho (2004) has estimated the distribution of λL for Palomar galaxies, with bolometric luminosities estimated from Hα and black hole mass estimated from applying the Tremaine et al. (2002) relation to measured stellar velocity dispersions. The distribution at essentially zero redshift has a mean λL ≃ 0.0035, and although there are large uncertainties associated with the determination of λL the agreement with the value shown in Fig.4 is encouraging. The Ho (2004) values have a large dispersion, which results in there being a small number of galaxies with λL ∼ 0.1 that are visible as AGN (Onken et al. 2004) , and the vast majority of galaxies accreting at rates closer to λL . Using the results from this paper to predict the distribution and evolution of AGN requires knowledge of the distribution of λ and will be discussed further by Babíc et al. (in preparation) .
Evolution in AGN space density and accretion at high redshift
In practice the observable quantity that is most directly measurable for large samples is the comoving space density of AGN, rather than λ, and to calculate that quantity we need to know the mass function of black holes as a function of redshift. This will be the subject of a future paper, but here we consider the general features of such a model. We continue to make the assumption of coeval growth of black holes, massive galaxies and dark matter halos that underpins this paper. The observed space density is a combination of two competing effects: the build-up of massive halos and hence black holes with decreasing redshift, and the decreasing accretion rate with decreasing redshift calculated in this paper. Croom et al. (2005) have shown that luminous QSOs inhabit dark matter halos of mass ∼ 10 12.5 h −1 M⊙: at low redshifts the halo mass function, and hence the black hole mass function, is changing little at this mass, and AGN evolution is dominated by the evolution in λ. At higher redshifts the growth of the black hole mass function is significant and must cause a decline in space density with redshift. At z ∼ 3 λ approaches the values found for the most luminous QSOs at lower z: at this epoch in cosmic history the average dark matter halo is accreting at a rate sufficient to supply close to the Eddington luminosity of its nuclear black hole: the majority of galaxies with such a black hole would be active. At higher redshifts still the rate of accretion of matter onto dark halos exceeds that required to supply the Eddington rate. In this case it is unlikely that super-Eddington accretion onto black holes would occur: it is more likely that nuclear outflows would limit the accretion process to about the Eddington rate and it is also possible that the blackhole/bulge relation may be built up during this phase of galaxy and black hole growth (King 2003; King & Pounds 2003) .
In previous numerical (e.g. Kauffmann & Haehnelt 2000) and analytic (e.g. Percival & Miller 1999) attempts to use EPS theory to understand the evolution of AGN, the evolution in EPS merger rate effectively produced number density evolution, whereas the dominant component of QSO evolution takes the form of luminosity evolution. As argued in the introduction, there must in fact have been evolution in cosmological accretion rate if local massive galaxies contain dormant supermassive black holes. This work shows how that evolution arises naturally in ΛCDM models.
CONCLUSIONS
We have argued that the tightness of the relation between black hole mass and galaxy bulge mass in the local universe is a strong indicator of coeval growth of supermassive nuclear black holes and their host galaxies. The expected cosmic evolution in galaxy dark halo accretion rate then translates directly into cosmic evolution of accretion onto black holes. A simple Press-Schechter calculation produces the surprising result that the mean rate of accretion compared with the black hole Eddington limit is close to that required to explain both the present-day mean accretion rate and its evolution with cosmic epoch made evident from the evolution of AGN activity. In this picture, at sufficiently high redshift every galaxy would have harboured a massive black hole accreting at close to the Eddington limit (although of course the mass function of those black holes would have been significantly different from the present-day mass function). Outflows associated with high rates of accretion would have been prevalent. Future work will address whether a model of AGN evolution may be calculated that matches recent observations of the luminosity function, and also other constraints such as the spectrum of the integrated X-ray background and the distribution of host galaxy masses.
APPENDIX A: CALCULATING dδc/dt
In this section we discuss the calculation of dδc/dt and approximations to it for cosmologies with a cosmological constant (the analysis could be extended to include more general dark energy cosmologies following the approach of Weinberg & Kamionkowski (2003) but this is beyond the scope of this appendix). We consider quantities that evolve as a function of scale factor a = (1 + z) −1 . If no dependence is Figure A1 . Plot showing the mismatch between contours of constant δc (black lines) and the lines along which Ω M and Ω Λ vary with the evolution of the universe (grey lines). The contours of constant δc are plotted as a ratio of δ EdS , the critical overdensity for collapse at redshift zero in an Einstein-de Sitter cosmology. Because these lines cross, the evolution of δc(a) is not solely dependent on the linear growth factor.
quoted, the quantities should be assumed to be calculated at a = 1 (z = 0). The critical overdensity for collapse δc(a) in the spherical top-hat collapse model is the overdensity that predicts collapse to a singularity of an overdense homogeneous spherical region. This is used in EPS theory to link overdensities with their predicted collapse time. However, two alternative formalisms are often considered for the collapse of perturbations in EPS theory.
(i) The overdensity field is assumed to grow with the linear growth factor, and when perturbations reach a particular critical overdensity they are said to have collapsed. This suggests that, given δc, we can calculate δc(a) = δcD/D(a), where D(a) is the linear growth factor.
(ii) An overdense region is considered to be spherical and to evolve according to the Friedmann equations, and hence its collapse time may be calculated. The overdensity value is extrapolated to the epoch at which the density field is normalised (conventionally, the present day) using the linear growth factor. These two alternatives give different formulae for δc(a). In Fig. A1 we plot contours of constant δc (black lines) within the plane of (ΩM , ΩΛ) values, calculated using the method of Percival et al. (2000) . Contours are plotted as a function of the value of δc in an Einstein-de Sitter cosmology:
δ EdS = 3 20 (12π) 2/3 ≃ 1.686 .
We also plot lines along which universes evolve (grey lines) given by ΩM (a) = ΩM a + (1 − a)ΩM + (a 3 − a)ΩΛ (A2) ΩΛ(a) = a 3 ΩΛ a + (1 − a)ΩM + (a 3 − a)ΩΛ .
Because δc is not invariant along the lines of evolution, we see that the spherical top-hat collapse model does not predict evolution of the critical overdensity given by δc(a) = δcD/D(a). The first picture of EPS theory as corresponding to a growing field does not follow from the spherical top-hat collapse model. However, Fig. A1 shows that the evolution of δc along lines of evolving (ΩM (a), ΩΛ(a)) is small. In the remainder of this appendix we consider the error introduced in |dδc(a)/dt| by assuming that the evolution in δc(a) is governed solely by the linear growth factor. The linear growth factor D(a) is given by 
Finally, the approximation to dδc(a)/dt is given by
Equations A5, A6, A7 & A8 combine to provide an analytic approximation to dδc/dt. In Fig. A2 , we plot the percentage error introduced by this approximation compared with numerically integrating the behaviour of δc(a), calculated using the method of Percival et al. (2000) (open symbols). We also consider calculating D(a) exactly and use this instead of the Carroll et al. (1992) approximation in Eq. A7 (solid symbols). The solid symbols show the error in dδc/dt from ignoring the evolution in δc because of changing ΩM and ΩΛ. Comparison of solid and open symbols shows the error introduced by Eq. A6. Errors are plotted for three cosmologies: for the Einstein-de Sitter cosmology, the approximations reduce to the exact result. For the Λ and open cosmologies, the maximum error is less than 2%. 
